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Motivation CoTs as probabilistic programs (PP)

. . (A) Chain-of-thought (B) Probabilistic Program (C) Probabilistic Queries
Chain-of-thought (CoT) in LLMs
Prompt: Could the members of The Police perform lawful @CotProgParser ()
¢ - ¢ arrests? Think step-by-step. SO R Olikelinod =

Prompt (Q) Could the members of The Police perform “Think step-by-step” >P1: bool =~ Flip("stepl", 0.86, [0.7])) (0.86, 0.96, 0.53)

lawful arrests? Think step-by-step. — (0.70, 0.90, 0.80)
LLM CoT Reasoning Trace: —>P2: bool =~ Fllp ("step2 " ’ 0. 96, [O . 9] )

LLM CoT Reasoning Trace: ## observe(P2) ## Optional condition, set P2=True E = {P2}

The members of The Police were musicians \ The members of The Police were musicians. » if P1 and P2:

. / - step deps. none Im cond. likelihood: 0.86 verbal confidence: 0.7 ( »P3: Dbool =~ Flip("no", 0.53, [0.8])
' Reasonlng iat et s ) yield P3 ##returns "no" if P3 true, exception otherwise, syntactic sugar = P,, (return "no"; )
Only law enforcement officers perform lawful arrests of other people. E + - else: ( PP ;
race Only law enforcement officers perform lawful arrests of e -y 1 SR PP R G

Based on this, the answer is no. (answer: no) 53 other people. m / 1N O Ppp (return "no"; 6)

step deps. none 1m cond. likelihood: 0.96 verbal confidence: 0.90 ## Program inference J 00
pp.inference (query={"no"}, compute_grad=True) ## 04376 | :

## param_grads=[("P2’, 0.455), CP3’, 0.825), CP1’, 0.5087)]

P,y (raise ValueError; 6)

 CoT traces appear thl’OUQhOUt LLM development Based on this, the answer is no. (answer: no) '3 | pp. inference (query={"ValueError"}) ## 0.5624 —
yet are modeled |n taSk SpeCIfIC WayS step deps. s1, s2 Im cond. likelihood: 0.53  verbal confidence: 0.8 pp.inference (query={"no"}, use_conf=True) ##0.504 |, P, (return "no"; 8)
» Lack of a unified formalism makes it difficult to The many uses of CoT
relate different research areas, study formally. Prompting strategy Structure for model training e Making a CoT trace a PP: Steps are stochastic
This work ———— S assignments, step dependencies are control flow,
| g Panguage YAk s answers are return values, extra constraints are
. Propogg modellng COT traces as a ot heaoeiievensll I I observes, reasoning errors are exceptions.
probabilistic programs, inferences as ™~ T?
structured queries over programs. ——————— Sroaram ® CoT inference as structured program queries:
 Develop a simple discrete probabilistic ith Larg Langunge Mode | o i Thoug Likelihoods as marginal queries, sensitivities as
. rompting . o, o .
programming language for CoT that supports — — gradients and step conditionals, robustness as weight
(e g : : Moy Gokbuind iy B ot e e s e erturbations.
traCtabIe prObabIIIStIC and Iog|Ca| Infe rence. Structure for test-time inference Object for behavioral analysis p

What properties would a language for CoT need to have?

(a) Core syntax of Copper and grounding in CoT (b) Reachability semantics B 00 I edn g ud rd semd nti CS

CoT Concept Syntax Program Vars (P1: bool =~ Flip("sl", 0.86)

| @CotProgParser()
Steps are probabilistic Booleans 1| P =~ Flip(<str>, <p>) Viec e \ 086\ def PP()3
. | if <bool condition>: guatus\v 52: Bool = F1i ]
: =rv p("s2", 0.96) rai ValueErro .
Step dependencies are controls 2 <new fact or answer branch v> R Pl1: bool =~ Fllp("Sl" > 0.86)
1| if <bool condition>: | ”%x P2: bool =~ Flip("SQ", 0-96)
. . 2 <new fact or answer branch v> P3: bool =~ Flip("s3", 0.53) ralse ValueErrorj
Reasoning Errors are Exceptions 3| else: l \ if P1 and P2:
4 raise ValueError(<error>) V-d 0.53 .
= 047 P3: bool =~ Flip("s3", 0.53)
Answers are returns | | return <answer output> V- dec
: return "no" ralse ValueError ] . " n
Conditions are observes | | observe(<bool condition e>) evidence if P3: return "no
Chains/answers can be unique 1| A;,..,A, =~ Categorical(<pl, ..>) Ve o P2 pa ujg“iaié“fffé -P3 else: raise ValueError
Step scores can be aggregated || P =~ Factor(<str>, frn(P1,...,Pm)) Vdec return guard excoption guard
else:
(c) Probabilistic query computation (d) Boolean program encoding raise ValueError
WMC(FAEA gq; 6) (
P E:0) = F = A vV > V g = = A e
F(q | ) WMC(F/\E; 9) VEV_dec g Eguards(v) e Eevidence Vreturn "no" HMEA_P%
return guard

Exact WMC via KC ®

Score aggregaton o—"_ Io
O o
P1: bool =~ Flip("sl1", 0.642)
P2: bool =~ Flip("s2", 0.595)
P3: bool =~ Flip("s3", 0.698) e J Lo e JL T PO L L Pl L Lo L FL= TG
EY: bool =~ FaCtor("yeS_E",:LogitPoolt(Pl, P2, PB))

What can we do with this language?

Formal analysis of LLM likelihood Derive new test-time inference and prompting strategies
Parameterize step scores via LLM Answer before reasoning steps Mixes LLM likelihood + verbal estimation
k —answer program F k —chain program F. (A) Multi-answer Chain-of-thought (B) Copper Program (C) Probabilistic model
1| ## Answer 1 1| ## Trace 1 . : 0 : o
2| Py =~ Flip(siq, 61100 %.. 2| P11 =~ Flip(sii, 01.1) ... [Query (: Would a sea kayak fit into a normal car? Think step-by stepj 1|yes: bool =~ Flip("yes", 0.4) Overbal = (0.4,0.7)
3| Pl’nl =~ Flip(sl,nl s el,nl) cen 3| Pl,nl =r~v Flip(S]_,nl s Gl,nl) ces [ LLM CoT Reasoning Trace (single forward call) ] ‘ ~»|no: bool =~ Flip("no", 0.7)
;'1 ﬁi,fnszirFiip(Sk,1, 0r.1) --- g ﬁi’lTra;:i ];"lip(szc,h 0k 1) --- rForyes (LM verbal Conﬁde.nce:.OA) : - \ i A: bool =~ Categorical("yes",[Cosbinsl(yes, no)) —-> Pprior (A | Q3 Oyerpar)
6] lfkmk =~ Flip(sg pn, s Ok,n; ) 6] P n, =~ Flip(sg n, ; o,c,%) >A sea kayak can vary in size, but some fit into larger vehicles. s« ﬂ< S| P1: bool =~ Flip("si", 0.642) o — (
;| if P1,1 and ... and Py p, g Al,d-(-e Ak), —A =~ Ca’;e(%orl)cal( Some cars, especially SUVs, have foldable seats and ample space. oss [E 6|P2: bool =~ Flip("s2", 0.595) 0. 642.0.595 0.698
prod(f1,.), ... , prod(fy . _ _ o - 022, V.999,1.0676,
9 elifr:zu:nazcli ... and Py p, ¢ 911 - (prod(f1,.) + .. + prkod(gk ) If the kayak 1s small and the car large enough it mlght fit. (um tikelihood 0.698) E 7|P3: bool =~ Flip("s3", 0. 698) | 0.831,0.733,0.676,
’ ’ ’ ’ 8| EY: bool =~ Factor("yes_E",Logitpoo1l/(P1, P2, P3)) )
10| return ay 10 Based on this, the answer is: yes (answer) o ] | |
111 else: 11|4if Ay or ... or Ag: J 9 AN|
12 raise ValueError('Error') 12 return a For no (LLM verbal confidence: 0.7) / _10/|P5: bool =~ Flip("sb5", 0.831) \ IPevidence(T | A,QQGfike)
\ Sea kayaks are typlcally 12—18 feet long. (lm likelihood: 0.831) 5| 1; g? EZZ; :N giigg:: 3:: 8 232; //,,
LLM CoT likelihood Standard “latent Most cars cannot handle such long objects. i iikciinood: 0733 56 | ;3|EN: bool =~ Factor("no_E",fogitsool(P5, P6, p7))
Even with foldable seats, a kayak exceeds interior space. im iiclinood: 0.676) 14| observe((A and EY) or ((not A) and EN))
trace” model of CoT , — / & E2 15| if A: return "yes" - s Proseror(A | T, Q300 )
Based on this, the answer is: no (answer) 8 _ D posterior » &5 Uyerbal, like.
16| else: return "no
® Distill CoT traces to PPs that capture exact I
LLM likelihood inference, provides deeper Direct multi answer/CoT

. : : . Bayesian-style inference model
view into semantics, help derive new bounds.

® As an alternative to expensive test-time inference strategies, we explore variants of CoT that directly

® Identity structural properties that reveal the generate multiple CoTs, perform structured inference over direct LLM signals.
limitations of using LLM likelihood for ranking
CoT traces, helps to rule out possible ® Study a particular variant, Bayesian multi-answer CoT, that aggregates step likelihoods via a Bayesian

prompting strategies from first principles. factorization, devise new robustness testing techniques for comparing against standard CoT.




